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bstract

uring operation solid oxide fuel cells are stressed by temperature gradients and various internal and external mechanical loads, which must be
ithstood. This work deals with the optimization of the strength of as-sintered anode supported half-cells by imposing changes to production
arameters, such as powder milling and sintering temperature. The strength was measured with the ball-on-ring method, and analyzed with a large
isplacement finite element model. Weibull statistics were used to describe the distribution of strengths. The influence on the Weibull strength of

he many different processing parameters was found to be quantifiable in terms of cell porosity to a large extent. The results were validated with an
ndependent set of measurements of strength and stiffness by uniaxial tension and the impulse excitation technique, respectively. For application
f the finding in relation to the SOFC technology a mathematical frame to determine the optimal porosity of a SOFC system is presented.

 2011 Elsevier Ltd. All rights reserved.
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.  Introduction

One of the main challenges with solid oxide fuel cell (SOFC)
echnology is to ensure durable and stable operation for higher
conomical feasibility. Hence, in the development of the technol-
gy, a great deal of attention is directed towards cell degradation,
ntegrity of the sealings, and other processes that can affect
ystem efficiency.1,2 Failure of a cell in a stack will decrease
he stack efficiency, as well as shorten the lifetime of the stack
onsiderably. Thus, development should focus not only on elec-
rochemical but also on mechanical performance of SOFCs.

Half-cells consisting of a tape-cast anode support, sprayed
SZ electrolyte, and sprayed Ni/YSZ cermet are already pro-
uced on a pre-pilot plant scale at the Fuel Cell and Solid State
hemistry Division, Risø DTU. Lately, in view of the expected
dvantages, an effort has been made to develop and optimize the
anufacturing of fully tape cast half-cells. This offers, at first
lance, the possibility of reducing the number of manufacturing
teps, as it allows one-step sintering. Also, a reduction of overall
roduction waste makes lower production costs feasible. During
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his development, the strength of the cells has been measured as a
unction of different production parameters. Variations of one or
everal of these parameters may introduce different flaw distri-
utions, resulting in varying mechanical strength. The strength
nd indirectly the flaw distribution are typically represented by

 Weibull distribution,3–5 which is also the case for this work.
The present work shows how modification of various produc-

ion parameters, shaping, sintering temperature, milling period,
nd material composition influences the strength. The interest-
ng finding is that independent Weibull strength correlates very
ell to the as-sintered porosity independent of which process-

ng parameter is varied. Thus the porosity can be considered as
 convoluting parameter, which accounts for all the processing
arameter variations. This is an important observation in relation
o production optimization, as this to a great extent can be done
n terms of porosity and consequently opens for non-destructive
uality testing as the impulse excitation technique.

Another important finding in this work is the high decrease
f Weibull strength with porosity, which is only observed in
ew other ceramics. Thus an independent set of experiments are

onducted to confirm the finding, and to test the validity of the
on-destructive testing in the production aspect. This is done by
easuring the strength with uniaxial tension and the stiffness by

he impulse excitation technique.

http://www.sciencedirect.com/science/journal/09552219
dx.doi.org/10.1016/j.jeurceramsoc.2011.11.015
mailto:hlfr@risoe.dtu.dk
dx.doi.org/10.1016/j.jeurceramsoc.2011.11.015
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Table 1
Relevant production parameters for the different tested half-cells series (T1 and T2: type 1 and type 2 additions, CF: 20% ceramic filler; LM, MM and TM: light,
medium and thorough milling; LT and HT: low and high temperature; TZ3Y: yttrium partially stabilized tetragonal zirconia, TZ8Y: yttrium fully stabilized cubic
zirconia, and ScYSZ: scandium, yttrium fully stabilized cubic zirconia).

Test code Production
method

Materials Milling: time, powder
weight/mill volume

Sintering
temperature [◦C]

Porosity [%]

Anode support Anode Electrolyte

SPR T1 HT TM
Spraying

NiO–TZ3Y + T1 NiO–TZ8Y TZ8Y

>25 h, <1 kg/L
>1300

6.8
SPR T1 HT LM <25 h, 1 kg/L 13.7
FTC T1 HT MM

Fully tape cast

>25 h,
1 kg/L

11.9
FTC T1 LT MM

<1300 ◦C
17.4

FTC T2 LT TM 1
NiO–TZ3Y + T2 NiO–ScYSZ ScYSZ >25 h,

<1 kg/L

9.0
FTC T2 LT TM 2 7.0
FTC T2 HT TM

>1300 ◦C
4.2
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Finally these findings are related to the SOFC technology,
here the porosity cannot be decreased unconditionally as the
pen porosities are allowing for the transport of reacting gasses.
he optimum porosity should thus be found by balancing the
trength and internal diffusion resistance. A method to weigh the
ifferent influencing parameters is discussed in the final section.

. Experimental

Two sets of experiments have been carried out in this work.
he first set of experiments is aimed at quantifying the strength
ariation with various production parameters, and the second
s a combined verification of the first and an investigation
f the application of non-destructive methods as described
bove.

For the first set of experiments the ball-on-ring method was
hosen as it provides fast specimen preparation and requires
mall specimen sizes, so a large number of specimens for the
tatistical treatment can easily be produced. It is the omission of
he polishing process allows for fast specimen preparation. This
mission is possible as the failure will not occur at the cut edge,
s the stresses here are negligible. This is not the case for many
lassical test methods (bending methods and uniaxial tension),
here careful edge polishing after cutting is required, in order

o ensure that the bulk strength is measured.
Due to the dimensions of the testing setup, only a very small

olume is exposed to high stresses. This results in a much higher
trength for the tested specimens, when compared to full sized
ells for stack application, since the probability of significant
aws in the small volume is smaller. A scaling of Weibull
trength between so-called efficient volumes is possible accord-
ng to the Weibull theory. Due to the amount of scaling from the
mall efficient volumes of the ball-on-ring method to cells in a
tack, the results are unsuitable for stack design purposes. How-
ver, for comparison of the strength of similar sized specimens,
s in the present work, the method is adequate.
For the second set of experiments uniaxial tension was cho-
en as this also allowed for simple measuring of stiffness by
he impulse excitation technique. The impulse excitation tech-
ique was chosen over application of strain gauges, as these

a
F
a
(

Y 12.6

an influence both the strength and stiffness measurement of the
elatively thin specimens used in this study. The stiffness and
trength measurement can be influenced by the stiffness and
trength of the gauge itself and by strain gauge glue penetrating
he porous specimens.

.1. Materials  and  production  parameters

For the ball-on-ring experiments, the specimens consisted of
s-sintered anode supported planar half-cells. As-sintered anode
upports were used for the uniaxial tension experiments.

The half-cells consist of anode support, anode and electrolyte
ith thicknesses of 300 �m, 20 �m and 10 �m, respectively. The

ells were produced either by tape casting/spraying, or solely
y tape casting. Powders with different starting characteristics,
arious milling times/conditions, and different sintering temper-
tures were used for the different series. Table 1 summarizes all
elevant production parameters, including the resulting porosity,
or the different test series.

The anode support specimens for the uniaxial tension exper-
ment were produced with the same parameters as the anode
upport of “SPR T1 HT TM” half cell in Table 1.

The porosities were measured once for each batch with mer-
ury porosimetry (AutoPore IV, Micromeritics, USA).

.2. Ball-on-ring  experiments

In the ball-on-ring experiment the specimens were placed
ith the electrolyte side up. Hence, the highest tensile stresses

causing the failure) are located at the bottom of the anode sup-
ort below the ball, where the failure origin consequently occurs.
ith the opposite orientation the anode support is still the failing

omponent due to the thermal stresses.6

The specimens were disc shaped with a diameter of 20 mm
nd approximately 330 �m thick. The discs were supported by

 ring of balls, and loaded by a piston through a ground ball (see

igs. 1 and 2). The diameter of the supporting ring was 16 mm,
nd the diameter of the flat contact face of the top ground ball
see Fig. 2) had a 2.78 mm diameter.
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Fig. 1. Ring of supporting balls and piston for compression (no specimen).
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Fig. 2. Specimen on support with the ball centered on top.

The load applying piston was driven by an Instron machine
Model 1362) with a constant displacement rate of 0.2 mm/min.
he load was measured with a 250 N or 500 N load cell.

.3. Uniaxial  tension  experiments
The specimens for tensile test were anode supports only.
heir size was 70 mm ×  20 mm, and the thickness was mea-
ured for each sample to be between 319 �m and 331 �m. All the

Fig. 3. Preparation of uniaxial tensile test specimens (6).
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pecimens were laser cut and polished to finish of 8.4 �m (using
iC paper 500, 1000 and 2400). Fig. 3 shows a setup of the
ample mounting. The straps were made from two sandblasted
luminium strips of 25 mm ×  20 mm ×  1 mm with a 4 mm hole.
hese were glued on both sides of the specimen with contact
lue (see Fig. 3). In the mounting of the samples the Instron
achine pins are inserted through the 4 mm holes to insure no

ransfer of bending moment.
In order to minimize the stress concentrations at the straps,

poxy was filled into the corners. This was done to minimize
tress concentrations, as the epoxy fillings provided a smooth
ransition from the cross section of the tested part of the specimen
o the cross section of the specimen with straps.

The specimens were tested on an Instron machine with a 5 kN
oad cell, and the loading speed was 0.25 mm/min.

The Young’s moduli of the uniaxial tension specimens were
easured by the impulse excitation technique. This involved

he use of a resonant frequency and a damping analyser (RFDA
ystem 23 from IMCE NV, Genk, Belgium).7 Impulse excitation
ffers fast and repeatable measurements of thin plates with a well
efined geometry. The method is based on detecting character-
stic vibration frequencies of simply supported specimens. The
esonant frequencies of vibration are deduced from the digital
ignal by Fast Fourier Transform.

The Young’s moduli of the laser cut uniaxial tensile test spec-
mens with polished edges were determined by the impulse
xcitation technique prior to the strength testing by uniaxial
ension. The dimensions (thickness, length and width) were mea-
ured by a digital vernier caliper and the weight of the specimens
as measured by a Mettler Toledo digital gauge.

. Mechanical  analysis

.1.  Evaluation  of  stress

Evaluation of stress in the uniaxial tension experiments was
one by dividing the force by the cross sectional area as the
pecimens only consist of one layer, i.e. the anode support.

For the ball-on-ring experiment the stresses were evaluated by
sing an analytical solution, which is based on classical laminate
heory (see e.g. Ref. 8), and a solution to the elastic problem
f a concentric loading ball and supporting ring.9 The solution
ssumes small displacements, as well as linear elastic behavior
or the material. This model can be found in Appendix A.

The disc shaped specimens were relatively thin compared
o the support span and thus relatively flexible, that is why
he deformations at failure were relatively large. This intro-
uces redistribution of stresses, which cannot be described by
he models relying on the assumption of small displacements.
herefore, the stresses were also evaluated by a large displace-
ent finite element model (FEM) using the commercial code
omsol Multiphysics® 4.2 combined with Matlab® 6.5 for batch
nalysis.
In addition to the stresses that occur due to the transfer of
xternal force through the specimen, the thermal expansions
ield thermal stresses. These were also included in the calcu-
ations using a reference temperature of 1140 ◦C, which was
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Fig. 4. An example of error on maximum stress in the sample under assumption
of incorrect anode support stiffness (with 155 GPa as reference anode support
stiffness). The thickness of the anode support and anode were set to 320 �m,
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.78 mm, 16 mm, and 20 mm in the example, respectively.

btained from the initial curvature of the cells (see Appendix A
or further details).

.2.  Elastic  parameters

The elastic material parameters are needed for the ball-on-
ing stress evaluation (see Appendix A). For the ball-on-ring
xperiments the maximum stress at a given load level is rela-
ively insensitive to the material parameters, even to the Young’s

odulus of the anode support.
To illustrate this, the error on the maximum stress given

hanges in elastic modulus from an assumed ‘true’ elastic mod-
lus of 155 GPa is plotted in Fig. 4

rrorEσ =  abs

(
σmax(E) −  σmax(155 GPa)

σmax(155 GPa)

)
(1)

s seen in Fig. 4 modifying the elastic modulus up to 15% pro-
ides an error on the determined maximum stress to be less than
.5%. Therefore, the elastic modulus was not measured for each
ample, and the elastic material parameters were estimated from
he porosity of the layers using the composite sphere model5

 =  E0
(1 −  p)2

1 +  (2 −  3ν0)p
(2)

 = 1

4

4ν0 +  3p  −  7ν0p

1 +  2p  −  3ν0p
(3)

here p is the porosity, E0 and ν0 are the elastic modulus and
oisson ratio at zero porosity. The two latter constants are pro-
ided in Table 2 for the main layers.

The Young’s moduli of the specimens for the uniaxial test

ere calculated from the impulse excitation measurements. The
ethod is described in ASTM E 1876-99 and ASTM C 1259

tandards. When the fundamental resonance frequency, ff, as
 Ceramic Society 32 (2012) 1041–1052

ell as the mass, M, and the dimensions of the specimen are
ccurately known, the Young’s modulus is calculated as

 =  0.9465 · Mf 2
f

w

l3

t3 T1 (4)

here w, l and t  are the width, length and thickness of the
eam, respectively, and T1 a correction factor depending on the
hickness-to-length ratio and Poisson ratio of the material. For
he specimens here considered the thickness-to-length ratio is
mall (0.005–0.008) and the value of T1 is very close to unity.

.3. Statistical  analysis

The failure in a ceramic component occurs due to a significant
aw at a high tensile stress, and consequently the distribution of
aws in the material results in a distribution of strength. In order

o quantify this variation, a statistical analysis has been applied
o represent the strength, and it is assumed that the strengths are

eibull distributed. The probability of failure Pf in the Weibull
istribution at a given stress σ  is calculated by

f =  1 −  exp

(
−

∫
V

(
σ

σ0

)m
dV

V0

)
(5)

here m  is the Weibull modulus and σ0 is the Weibull strength in
 reference volume V0. Compressive stresses are not considered
o contribute to the probability of failure, as the compressive
trength is much higher than the tensile strength. Thus, we here
efine the strength as the largest occurring tensile stress, σmax,
n a continuum sense. Eq. (5) is often re-written in terms of the
trength in an efficient volume, Veff, as follows

f =  1 −  exp

(
−

(
σmax

σ0

)m)
(6)

here the efficient volume is equal to the reference volume,
hich then can be calculated from Eqs. (5) and (6) to

eff =  V0 ≡
∫

V

(
σ

σmax

)m

dV  (7)

he efficient volume Veff corresponds to the volume of a uni-
xially tensed specimen with equal probability of failure as the
all-on-ring specimen.

The probability for larger flaws is higher in larger specimens,
nd thus the apparent strength is lower. Therefore, the strength
ust be related to the size of the specimen used for testing.
his enables scaling up to the geometry and stress field of a real
ize cell. The scaling is based on the fact that the probability of
ailure for a given component is the same independent of which
eference set of an efficient volume and Weibull strength is used.
hus, the probability of failure can be stated (in Eq. (5)) for two
ets of efficient volume and Weibull strength to be equal

f =  1 −  exp

(
−

∫
V

(
σ

σ′
0

)m
dV

V ′
eff

)

= 1 −  exp

(
−

∫
V

(
σ

σ′′
0

)m
dV

V ′′
eff

)
(8)
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Table 2
Elastic parameters and thermal expansion coefficient of the anode support and electrolyte layers.10

Layers Material E0 [GPa] ν0 Porosity [%] TEC [×10−6 K−1]

E 0.308 ∼0 10.8
A 0.333 Varies 13.1
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rom which the scaling rule for the Weibull strengths and effi-
ient volumes can be derived as

σ′
0

σ′′
0

)m

= V ′′
eff

V ′
eff

(9)

he two Weibull parameters (σ0 and m) were obtained by lin-
arizing Eq. (6), subsequently fitting this to the set of measured
trengths, σmax,i, and corresponding assigned probabilities of
ailure, Pf,i. The probability of failure for a set of measured
trengths can be obtained by assigning the strength of each
pecimen to equal probability of occurrence. Thus, ordering
he strength in ascending order σmax,1, σmax,2, .  . ., σmax,N each
trength is assigned a probability of failure

f,i = i −  0.5

N
i  =  1,  2,  .  . . , N  (10)

here N  is the number of specimens. To achieve a low uncer-
ainty, more than 30 specimens have been used for each tested
eries.11

The stress field in the ball-on-ring specimen is multi-axial,
hich is not necessarily the case for the stress field for the cells

n operation. Thus, some generalization of the failure criteria is
eeded. Research on multi-axial failure criteria has been carried
ut by several authors, see e.g. Refs. 12–14. The failure criteria
an be more or less sensitive to shear stresses, and this depen-
ency has not yet been investigated for SOFC materials. Thus,
he first principal stress, i.e. the largest tensile stress, is used in
his work for the statistical analysis.

. Results  and  discussion

.1.  Investigation  of  ball-on-ring  stress  evaluation  method

In this section the accuracy of the different stress analysis
ethods used for the ball-on-ring experiment is investigated.
To compare the different solutions, the error of the maximum

tress and the error on the maximum displacement in the ana-
ytical solution and the small displacement FEM solution are
ompared to the maximum stress in the more accurate large dis-
lacement solution for different load levels. The errors are thus
efined as

Errorασ =  abs

(
σα

max −  σLD-FEM
max

σLD-FEM
max

)

Errorαw =  abs

(
wα

max −  wLD-FEM
max

wLD-FEM
max

)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(11)
here LD-FEM is an abbreviation for large displacement FEM,
nd α  denotes ‘analytical solution’ and ‘small displacement
EM’ the in turn.

F
r
s
d

upport and anode were set to 320 �m, the electrolyte 10 �m, with ball, ring and
isc diameters of 2.78 mm, 16 mm, and 20 mm, respectively.

The error on the maximum stress using an analytical solution
nd a small displacement FEM compared to a large displacement
EM can be seen in Fig. 5. As seen, the error is significant at
mall stresses, where the reference stress (σLD-FEM

max ) is small, and
he division of a number close to zero provides a large number for
he error. The error is again higher at relevant larger load levels,
ith larger displacements. At the load level of approximately

 N the maximum stress goes from negative to positive as the
esidual stress is exceeded by the stress from external loads. At
his point Errorασ goes to infinity as the enumerator goes to zero.
t 43 N the stresses in the large displacement FEM goes from
eing larger than those of the two others to smaller, and the error
ig. 6. Error on the maximum displacement by using small displacement theo-
ies in relation to a large displacement FEM solution. The thickness of the anode
upport and anode have been set to 320 �m, and the electrolyte 10 �m, and the
imensions of the ball, ring and disc 2.78 mm, 16 mm, and 20 mm, respectively.
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Fig. 7. Probability of failure for the different test series.

ross section due to the curvature (think of is as a balloon or a
urned over dome).

The error on displacement in the small displacement FEM
olution compared to the large displacement is shown in Fig. 6.
o our best knowledge no analytical expression for the displace-
ent exists, so only the small displacement solution has been

ompared to the large displacement solution. Again the displace-
ent goes from an initial positive value due to residual stresses

nd becomes negative as the external load increases. And also
ere the large displacement FEM is initially larger in magnitude
han that of the small displacement FEM, and a shift occurs at
pproximately 28 N. The error on the small displacement FEM
isplacements is much larger than that of the stresses as seen in
ig. 6. In the present investigation this does not influence the
esults, but greater care should be taken when choosing method
or determining displacements.

In Table 3 the Weibull parameters of the strength distribution
btained by the three types of analysis are shown. These three
ypes of analysis are with increasing accuracy; the analytical

odel in Appendix A, a small displacement FEM and large
isplacement FEM. There is a clear deviation of the solutions
ased on small displacement theory to the large displacement
EM solution. Thus, with the stress analysis in current setup
hould be analyzed with the large displacement FEM.

From this point onwards, only results obtained using large
isplacement FEM are shown.

The variation of the efficient volume in Table 3 can be
scribed to the variation in the Weibull modulus, which is used
n the calculation of the efficient volume, according to Eq. (7).

.2. Influence  of  half-cell  assembly  method

In addition to the Weibull parameters shown in Table 3, the
ntire data sets are plotted in Fig. 7 together with the fitted
eibull probability density functions. The fit of the two high

emperature sintered fully tape casted half-cells measurements
“FTC T1 HT MM”, “FTC T2 HT TM”) was poor. The reason

or this is illustrated in Fig. 8, where two overlapping failure
istributions (the green and red lines) result in an efficient error
istribution (black thick line). The secondary failure distribution

F
t
d

ion for increase sintering temperature. The particular overlap has only been
bserved with fully tape cast cells.

oincides with the full tape casting shaping technique and high
emperature sintering, but were not identified. We speculate that
his secondary flaw distribution is related to the edge defects and
he residual stresses at the edge although we do not know for
ure.

Removing the data points from the weaker specimens, which
re believed to have failed because of an unidentified set of
econdary flaws results in better fits of the Weibull distributions
see Fig. 9) together with higher Weibull moduli and similar

eibull strengths (see the ** marked results in Table 3).

.3. Influence  of  porosity

Figs. 10 and 11 show two micrographs of the two test series
SPR T1 HT TM” and “SPR T1 HT LM”, respectively. In Fig. 11
onsiderably larger grains can be seen in the anode support layer,
nd as seen in Table 1 the as-sintered porosity is also consid-
rably higher (13.7% compared to 6.8%). The only difference
ig. 9. Probability of failure for the different test series. The ** markers indicate
hat some of the weaker specimens have been removed from the test series (as
iscussed in the text).
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Table 3
Calculation of Weibull parameters by three different methods with ascending order of accuracy.

Test code Analytical solution Small disp. FEM Large disp. FEM Numb of spec., N

σ0 [MPa] m σ0 [MPa] m σ0 [MPa] m Veff [mm3]

SPR T1 HT TM 490 10.9 491 10.9 508 11.3 0.041 33
SPR T1 HT LM 322 15.6 323 15.6 339 15.7 0.024 36
FTC T1 HT MM 433 2.2 434 2.2 452 2.2 1.517 47
FTC T1 HT MMb 438 9.4 439 9.4 456 9.8 0.051 39
FTC T1 LT MM 231 9.0 232 9.0 243 8.9 0.006 49
FTC T2 LT TM 1 587 9.7 588 9.7 600 10.4 0.045 48
FTC T2 LT TM 2 591 10.3 592 10.3 609 10.9 0.043 48
FTC T2 HT TMa 803 3.0 805 3.0 817 3.0 0.611 64
FTC T2 HT TMb 748 8.9 751 8.9 758 9.6 0.054 62
SPR CF HT TM 380 11.7 381 11.7 395 12.4 0.024 37

a ∼7 specimens broke before being tested (not included in statistics).
b Weakest specimens neglected (discussed below). Marked with ** in the figures.
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which leads to the curve shown in Fig. 12
ig. 10. SEM micrograph of a cell cross-section showing electrolyte and anode
upport of standard sprayed half-cell from the “SPR T1 HT TM” test series.

he “light” milling is however clear, i.e. a drop of the Weibull
trength of 34% from 517 MPa to 339 MPa.

The influence of the powder milling should always be con-
idered in connection with the sintering conditions. The weakest

easured cells were manufactured using reasonable milled pow-

ers, which usually results in intermediate porosity. However

ig. 11. Micrograph of electrolyte and anode support of standard sprayed half-
ell from the “SPR T1 HT LM” test series.

σ

F
r

hey were sintered at a relatively low temperature for the specific
aterial system (T1), resulting in very high porosity (17.4%).
That porosity can influence Weibull strength of a material is

xpected, as less material is available to transfer external forces
esulting in higher local stresses. The cells in this work were, as
reviously described, manufactured with variation in process-
ng parameters such as milling times, sintering temperatures,
haping technique and material systems, with consequent dif-
erent distributions and spatial distribution of pores in the anode
upports (see Figs. 10 and 11). However, in spite of all these dif-
erent variations, which all have a potential impact on strength, a
ery strong dependency of Weibull strength on total as-sintered
orosity was found as illustrated in Fig. 12.

Furthermore, the Weibull strength decreases relatively fast
ith increasing porosity. Within the interval of commonly used
orosities, i.e. 10–15%, the Weibull strength varies from approx-
mately 500 MPa to 300 MPa. This is a rather large variation of
trength to account for in the design of a stable and durable
ystem.

Typically, the dependency of the strength on porosity is fit-
ed with the following two parameter exponential expression,15
 = σ̃ exp(−bp) (12)
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ig. 12. Measured Weibull strength as a function of the porosity in the ball-on-
ing experiments.
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the porosity and the Young’s modulus as seen in Fig. 14. This
ig. 13. Porosity and Weibull modulus for the cells in the ball-on-ring experi-
ents.

here σ̃  is the strength at zero porosity, which have been fit-
ed to 1118 MPa. The parameter b  indicates the dependency on
orosity; and the larger the b, the stronger the dependency. For
he current experiments b was determined to be 8.0.

The consequence of this high dependency is that the probabil-
ty of failure of a stack is very sensitive to the porosity. Thus, it is

 parameter that needs to be controlled accurately for minimiza-
ion of the cost of the technology (discussed further below). The
onsequence of not doing so is the need for conservative design
nd operation of SOFC stacks. This again entails smaller ther-
al loads and restrictions on the flow configurations and fuel

tilizations. For optimization of SOFC stack designs towards
urability, minimization of strength variations, and consequently
orosity variations should be in focus. The strength should be
ested continuously in the production, or alternatively monitored
ia the porosity as these results here suggest.

As seen in Fig. 13 there is a tendency for Weibull modulus
o increase slightly with increasing porosity, but the tendency
s much less clear than that found for Weibull strength. Further
nvestigations must be carried out to verify this. If this is the case
t means that the critical flaws are more uniformly distributed at
igher porosities.

.4. Comparison  with  uniaxial  tension  and  IET

The results above showing the high dependency of Weibull
trength on porosity (b  = 8.0) are unusual and an extra inde-
endent set of experiments has been conducted to verify this.
he strength was measured by uniaxial tension and the result is
hown in Fig. 14. Here there is also a tendency of the strength to
ary with porosity. However each point is represented by only
ne sample compared to the previously used Weibull strength
f more than 30 specimens. Therefore a far greater scatter is
een. Fitting the exponential expression in Eq. (12) yields b  = 7.6,
hich is in good agreement with previously obtained b = 8.0 for
he ball-on-ring experiment.
The strength obtained in these experiments can be compared

o the Weibull strength in the ball-on-ring experiment using

fi
d
c

ig. 14. Variation of Young’s modulus (◦) and strength (×) with porosity in the
niaxial tension experiments.

q. (9). This is done in the following to investigate the validity
f Weibull strength scaling with efficient volume.

Here we choose the strength at 11% porosity for compari-
on. The Weibull strength at 11% porosity in the ball-on-ring
xperiment can be calculated to 461 MPa from the expo-
ential fit. In the scaling an efficient volume of 0.041 mm3

s chosen for the ball-on-ring. The efficient volume of
he uniaxial tension experiment is 390 mm3, when the vol-
me of the area with straps (2 mm × 5 mm) is subtracted
(70–10) mm × 20 mm ×  0.325 mm). The Weibull strength at
90 mm3 can then be calculated to

′
0 =  461 MPa

(
0.041 mm3

390 mm3

)1/11

=  200 MPa (13)

he linear regression performed in Fig. 14 provides the mean
alues, so for a comparison the Weibull strength of 200 MPa
hould be converted to the mean strength. Calculating the mean
trength, σ50, from the Weibull strength can be done by setting
he probability of failure equal to 50% and solving for the stress
n Eq. (6)

50 =  200 MPa (−ln(0.5))1/11 =  193 MPa (14)

omparing the 193 MPa to the 158 MPa shows a deviation of
bout 23%, which is a significant deviation. Thus, it can be
oncluded that these simple models cannot account for all the
omplexities in the multi-axial stress field, the volume scaling of
everal magnitudes or another unknown phenomena. It should
e noted that this does not disprove the Weibull efficient volume
caling methodology, as it actually captures the tendency of more
han doubling the strength by going from the larger to the much
maller efficient volume.

The samples for uniaxial tension were also suitable for mea-
uring the Young’s moduli by IET. The Young’s modulus is
n integrated continuum descriptor (average) of the sample as
he porosity in opposition to the strength, which is dependent
n local flaws. Therefore a better correlation is found between
nding is very interesting as it opens to the opportunity for non-
estructive testing and quality control in the production of the
ells by IET.
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Fig. 15. Variation of failure strain with porosity.

Finally the connected strength and stiffness measurements
llow for the investigation on the failure strain (εu = σu/E). As
een in Fig. 15 the variation of strength introduces a scatter on
he result, but the failure strains are about 0.11% and have a
endency to decrease for increasing porosities.

.5. Comparison  with  other  measurement

Table 4 shows the results obtained by Atkinson and Selcuk10

nd Radovic and Lara-Curzio.16 The Weibull strengths of these
easurements are scaled to an efficient volume of 1 mm3 by Eq.

9) to be able to compare the measurements, and this Weibull
trength is here denoted σI

0 .
Fig. 16 shows the Weibull strengths obtained in the present

ork (see Table 3), scaled to an efficient volume of 1 mm3, as
ell as those reported in the literature and shown in Table 4. The

pecimens in the present work can be seen to be significantly
tronger than those reported in the literature. This is most likely
ue to the type of YSZ as NiO–8YSZ was used in Refs. 10 and
6, and transformation NiO–3YSZ17 was used for the cells in
he present study.

Furthermore, notice that the decrease of Weibull strength with
orosity in 16 is much smaller (b  = 2.6). In general the decrease

f strength with porosity observed for the anode supports of
his work is quite high in comparison to other porous ceramics,
here b  typically varies between 3 and 6 with the exception of

 = 7 for �-Al2O3.15

c
a
T
d

able 4
eibull strength, Weibull modulus, efficient volume and porosity from other measur

o an efficient volume of 1 mm3 and N the number of specimens.

ef. Material σ0 [MPa] m 

0 NiO–8YSZ 187 11.8 

6 NiO–8YSZ

135 8.6 

98 4.3 

92 6.8 

95 4.0 

a Private communication.
b Estimated from the approximate dimensions found in the references.
ig. 16. Weibull strengths at different porosities in present work and Refs. 10
nd 16 scaled to an efficient volume of 1 mm3 by Eq. (9).

The fact that the decrease of the Weibull strength is higher
or NiO–3YSZ could be a side effect of the transformation
oughening of the 3YSZ backbone. The toughening mechanism
tems from a volume expansion and the consequent compressive
tress build up at the crack tip from displacement restric-
ions by ambient material. If some of the ambient material
s removed and replaced by porosity the toughening mecha-
ism would decrease. Thus, NiO–3YSZ anode support with
ncreasing porosity may suffer from both introduction of larger
aws and a gradual loss of the toughening mechanism. This
ould be investigated by micro-structural fracture mechanical
odel.

.6. Optimization  of  porosity

To optimize the strength the porosity should be minimized.
owever the anode supports are not only required to be strong
ut also be able transport the fuel gasses to the active sites in
he anode. For this purpose the porosity should be maximized.
ence, an optimal porosity must exist, and could be obtained
y weighing the strength against performance and durability.
he challenge here is to determine the weight factors for each
ontributing parameter. Here the mathematical frame for such

n optimization of the porosity in a SOFC system is presented.
he purpose is not to provide an optimal porosity, as this will
epend on the specific system design.

ements on NiO–YSZ in the literature. σ′
0 denotes the Weibull strength scaled

Veff [mm3] p [%] σ′
0 [MPa] N

1.95b 26a 198 10

0.99b 6.6 135 15
2.54b 17.8 121 15
1.35b 19.8 96 15
2.80b 21.9 123 15
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ig. 17. Cross section of a deformed multi-layer structure. The total strain is 

riginal shape.

This object can be approached by expressing the total earn-
ngs, Earn, as the earning by production of electricity subtracted
he initial cost, Costini, and the cost of replacing the failing
ystems, Costini·Pf

arn =
∫ tlife

0
(Priceel −  Pricefuel) ·  Efficiency ·  dt

− Costini −  Costini · Pf (15)

here probability of failure, Pf, and efficiency depends on poros-
ty. The probability of failure depends on the porosity via the

eibull strength (Eq. (5)), and the efficiency depends on the
orosity and the degradation rate, which may also depend on
orosity

fficiency =  Efficiencyini (1 −  Degradation) (16)

he optimization for the porosity can then be stated as the min-
mum of Eq. (15)

∂Earn

∂p
= ∂

∫ tlife
0 (Priceel −  Pricefuel) · Efficiency ·  dt

∂p

−  Costini · ∂Pf

∂p
=  0 (17)

ther factors such as redox stability18,19 and degradation in the
orm of, e.g. Nickel coarsening20 or impurity segregation21,22

lso change with porosity and influence the ‘Efficiency’. These
ffects can also be included in the framework.

. Conclusions

In this work the strength of solid oxide half-cells, or individ-
al anode support layers, was studied upon changes to various
rocessing parameters; i.e. material system, milling, assembly
ethod, and sintering temperature. The strength of the anode

upports was measured by the ball-on-ring method. The stresses

n the ball-on-ring method were analyzed by three methods
ith increasing accuracy: an analytical expression, small dis-
lacement finite element analysis and large displacement finite
lement analysis. The variation of strengths was described by

•

ed into thermal strains and elastic strains. The pale colored parts indicate the

eibull theory, and the Weibull parameters were obtained by
inear regression. Following findings were made:

With the applied dimensions of the test setup (diameter of
ring = 16 mm, and thickness of specimens ≈  325 �m) and
load level (≈40 N), an error of approximately 5% is com-
mitted by application of small displacement theories. It is
therefore recommended that large displacement finite element
analysis is applied for higher accuracy.

 For the test series made with higher sintering temperatures and
full tape-casting a secondary flaw distribution was believed
to appear. This was seen as a few much weaker samples in
the lower tale of the strength distribution. Hence, the strength
distribution could not be fitted with a single Weibull expres-
sion. Removing those few very weak samples provided good
Weibull fits. The secondary flaw distribution was not discov-
ered.
A high correlation between Weibull strength and porosity was
obtained. Thus, the variation of the Weibull strengths can, to
a significant extent, be represented by the resulting porosity
independent of the processing parameter varied.

 The Weibull modulus was also found to correlate with the
porosity. The higher the porosity the higher the modulus.

 The dependency of Weibull strength on the total porosity
was found to be relatively strong. For instance, a variation of
porosity from 10% to 15% lowered the strength by approx-
imately 40%. This decrease in strength with porosity was
found to be higher than that observed for other ceramic mate-
rials. The effect was speculated to be due to a weakening of the
effect of the phase transformation of the partially stabilized
tetragonal Zirconia.

o verify this unusually strong dependency of the strength on
orosity another set of experiments were carried out where the
trength, porosity and stiffness were measured on each sample
y uniaxial tension and the impulse excitation technique. The
ollowing was found:
The same high decrease of strength with porosity as in the
ball-on-ring measurements.
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 The scaling of Weibull strength from low to high efficient
volume provided an error of approximately 20%. It is a high
deviation, which is speculated to be due to the different stress
fields in the two test methods and the uncertainty of edge
effects in the uniaxial tension case.

 That the porosity correlates very well to the stiffness, which
can be measured by the non-destructive impulse excitation
technique. This opens for the opportunity of non-destructive
quality testing in the production.

inally, it is suggested how this finding of a decrease in
trength with porosity can be taken into consideration in the
esign of a SOFC system, by applying classical optimization
ethods.
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ppendix  A.

The strain ε  is divided into to two contributions, i.e., elastic
train εe and thermal strain εT

 =  εe +  εT (18)

hereby creep strain, strains due to reactions etc. are neglected.
The thermal strain in the ith layer can be calculated by

T,i =  −
∫ T

Tref

αi(T  )dT  (19)

here αi(T) is the thermal expansion coefficient of the ith layer.
ref is the so-called reference temperature or zero stress temper-
ture. This is the fictive temperature from which thermal stresses
re building up. In reality such a temperature does not exist, since

 temperature regime, where both thermal stresses are build up
nd creep occur, exists. For a pure elastic calculation of stress at
oom temperature no errors are committed by this approach.

Assuming a constant or an average thermal expansion coeffi-
ient through the considered temperature interval simplifies (19)
o

N =
∫ z1

z0

σdz  +  

M =
∫ z1

z0

σzdz  +  .
T,i =  αi(T  −  Tref) (20)

or long and slender structures as the cells considered in this
ork, the Bernoulli assumption, i.e. plane cross-sections remain
 Ceramic Society 32 (2012) 1041–1052 1051

lane, provides good results, and the strain field can be described
y a linear expression

 =  ε0 +  κz  (21)

here ε0 is the average expansion, κ  is the curvature, and z  is
he coordinate orthogonal to the plane of the layers (Fig. 17).

The normal force N  is obtained as the integral of the normal
tresses in a cross section through the layers

 =
∫ zn

z0

σdz  (22)

nd the bending moment M  as the first moment of the normal
tresses

 =
∫ zn

z0

σzdz (23)

or the ith layer in a multi-layered structure the elastic consti-
utive law can be written as

 = Ei

1 −  νi

εe (24)

ntegration of the stresses of the layers is provided by (22) and
23) provides the normal force and the bending moment

∫ zi

zi−1

σdz  +  .  . .  +
∫ zn

zn−1

σdz  =
n∑

i=1

∫ zi

zi−1

σdz

∫ zi

zi−1

σzdz  +  .  .  . +
∫ zn

zn−1

σzdz  =
n∑

i=1

∫ zi

zi−1

σzdz

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(25)

hich simplifies to

N  =
n∑

i=1

∫ zi

zi−1

Ei

1 −  νi

(ε0 +  κz  −  εT,i)dz

M =
np∑
i=1

∫ zi

zi−1

Ei

1 −  νi

(ε0 +  κz  −  εT,i)zdz

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(26)

ssuming constant temperature throughout the layers and thus
qual thermal strain in each layer (εT,i) allows for further sim-
lification of (26) to

N =  Aε0 +  Bκ  −  NT

M  =  Bε0 +  Dκ  −  MT

⎫⎬
⎭ (27)

here

A =
n∑

i=1

Ei

1 −  νi

(zi−1 −  zi)

B =
n∑

i=1

Ei

1 −  νi

z2
i−1 −  z2

i

2

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪

(28)
D =
n∑

i=1

Ei

1 −  νi

z3
i−1 −  z3

i

3

⎪⎪⎪⎪⎪⎪⎪⎪⎭
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NT =
n∑

i=1

∫ zi

zi−1

Ei

1 −  νi

εT,idz

MT =
n∑

i=1

∫ zi

zi−1

Ei

1 −  νi

εT,izdz

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(29)

he distribution of the bending moment in the ball-on-ring setup
s

 = F (1 +  ν)

8π
×  Q(r) (30)

here Q(r) is a geometry dependent function of the radial coor-
inate, r, which for the disc loaded in the ball on ring setup,
s

(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 + 2 ln
(

a

b

)
+ 1 − ν

1 + ν

(
1 − b2

2a2

)
a2

R2
for 0 ≤ r < b

2 ln
(

a

r

)
+ 1 − ν

1 + ν

(
1

2
− b2

2a2

)
a2b2

r2R2
for b ≤ r ≤ a

(31)

here a, b  and R  are the radiuses of the ring, ball and disc,
espectively.9

The normal force N  in the ball-on-ring setup equals 0. The
verage expansion and the curvature are obtained from (27) to

ε0 = DNT −  B(MT +  M)

AD  −  B2

κ  = −BNT +  A(MT +  M)

AD  −  B2

⎫⎪⎪⎬
⎪⎪⎭

(32)

rom this the strain can be calculated by (21), and then the elastic
train by (18) and finally the stress by (24).

The zero stress temperature Tref can be obtained from the
nitial curvature before loading and solving Eq. (32) for it. Tref
nters Eq. (32) through NT and MT.
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